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system, the present problem represented by Eq. (5) cannot
be reduced by integration to a second-order system. Thus
this method becomes almost unique for the study of this non-
linear problem in rigid body dynamics.
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Changes in Heat Transfer from
Turbulent Boundary Layers
Interacting with Shock Waves and
Expansion Waves
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Nomenclature

speed of sound at sonic condition
constant

heat transfer coefficient
enthalpy

Mach number

pressure

Prandtl number

heat flux to wall

channel radius

Reynolds number per ft, pou./ue
Stanton number

temperature

velocity parallel to wall
distance along wall

axial distance

specific heat ratio

viscosity

density

flow deflection angle

energy thickness
viscosity-temperature exponent
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Subscripts

aw = adiabatic wall condition

e = freestream condition

0 = reservoir condition

t = stagnation condition

w = wall condition

1 = upstream value

2 = downstream or peak value
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Introduction

HIS Note is concerned with heat transfer from turbulent

boundary layers in supersonic flows where changes in sur-
face curvature can produce shock waves and expansion waves,
e.g., corner flows, or where shock waves generated elsewhere
in the flow impinge on the boundary layer. Heat-transfer
measurements are presented in these interaction regions and
a rather simple method involving the integral form of the
energy equation is used to estimate the change in heat trans-
fer that is observed. The prediction is then compared to
other experimental data obtained at shock impingement loca-
tions.

Measurements

The interaction regions investigated were observed in an
axisymmetric supersonic diffuser with air at stagnation pres-
sures of 100, 150, and 200 psia and a stagnation temperature
of 1500°R. The measurements included wall static pres-
sures, semilocal wall heat fluxes, coolant-side wall tempera-
tures, and boundary-layer surveys. The heat flux was deter-
mined by calorimetric measurements in cirecumferential cool-
ant passages. The gas-side wall temperature was calculated
from the measured wall heat flux and coolant-side wall tem-
perature. A nearly isothermal wall condition was achieved
with a wall-to-stagnation temperature ratio of ~0.43. The
heat-transfer coefficients, calculated by using the difference
between adiabatic wall enthalpy and wall enthalpy, are be-
lieved accurate to ~109%. The adiabatic wall enthalpy was
calculated using a recovery factor of 0.89, a value which does
not seem to differ much in shock impingement regions.!:?
Reference 3 describes the test apparatus and Ref. 4 the mea-
surement technique as applied to flow through a nozzle.

Boundary-layer surveys were made with a small flattened
Pitot tube and an aspirating thermocouple probe with a re-
covery factor of 0.97. The tips of these probes were 0.005
and 0.010 in. high, respectively, relatively small compared to
the boundary-layer thickness. Only the turbulent boundary-
layer thicknesses are shown, not the profiles themselves.

Résults

Measurements in an expanding flow around a 6° corner and
at a shock wave impingement on a turbulent boundary layer
are shown in Fig. 1. The expansion fan emanating from the
corner is drawn for a uniform, inviseid flow and the nature of
the interaction in the impingement region is shown diagram-
matically. After impingement, the reflected shock wave is
curved away from the wall and this leads to an expanding flow
downstream as indicated by the decreasing wall pressures.
For the corner flow, a local Prandtl-Meyer expansion at the
corner gives a downstream Mach number of 3.59, in close
agreement with the measured value. However, a calculation
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of the pressure rise for ideal shock wave impingement and re-
flection from a plane surface, i.e., ignoring the shear layer,
overestimates the measured pressure rise of 3.1 by 509;,. For
either interaction the upstream influence is small, about a
‘boundary-layer thickness in length, and the over-all inter-
action region is only a few boundary-layer thicknesses long.
The velocity and -temperature profiles were typical of a tur-
bulent boundary layer. This is not unexpected since, even
for the corner expansion, values of the acceleration parameter
K = (u./peud)(du./dx) are about two orders of magnitude
smaller than those associated with laminarization of a tur-
bulent boundary layer in an accelerating flow.?

The change in the heat-transfer coefficient across these in-
teractions is deduced by considering the integral form of the
energy equation .

dlpeuri(H o — Hy)¢] = rigd M

in conjunction with a specification of the heat transfer by the
relation

SIPrHs = c(pated/ ) AT/ T W00~ (2)

The energy equation applies to axisymmetric low with j = 1
and to flow over a plane surface with 7 = 0. The basic form
of the heat transfer relation, i.e., St « (pu.¢/u.) "4 was sug-
gested earlier by Ambrok,® and was in reasonable agreement
with experimental measurements in accelerating and de-
celerating turbulent boundary layers, e.g., Refs. 7-9. The
term (T./T o) V9~ accounts for compressibility effects
which reduce the Stanton number below its low speed value
(see Ref. 9 for flow through a supersonic nozzle that permits a
direct evaluation of compressibility effects because of the
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relatively large flow speed range, the inlet and exit Mach
numbers being 0.06 and 3.7, respectively). '

Application of the energy equation to the flows considered
indicates that the energy defect in the boundary layer (left
side of Eq. 1), may be essentially constant since the interac-
tion regions are relatively short where the boundary layer is
turbulent and the heat-transfer surface area consequently is
small. For the nearly isothermal wall measurements herein,
the change in the heat-transfer coefficient can then be esti-
mated from the heat-transfer relation, recalling the definition
of h

h=q/(Hw — Hy) = St(petic) 3)

as

hy _ |:(Peue)2]3/4<2§>ﬂ“(&z)“ _ (Peue)z(Tee>3/4 “)
hl (Peue)l ¢1 Te1 (Peue)l Te1
The last equality follows from the first by using Eq. (1). The
change in adiabatic wall temperature, generally smaller than
the other terms, was neglected. The change in the heat-trans-
fer coefficient is directly proportional to the mass flux change

and is dependent to a lesser extent on the static temperature
change.

The predicted decrease in the heat-transfer coefficient for
the corner flow from Eq. (4), rewritten to facilitate the use of
isentropic flow tables, is

pelle T. 8
hy (poa*)z (E)z _0.0851 (0.278)"" 3

hi _<pu> (g) ~ 0124 \0.328
pa* )1 \To/1
0.688(0.884) = 0.61

This value is a little higher than observed experimentally.
For the shock wave impingement, similar agreement is found
by using the measured upstream pressure and peak pressure
to calculate the quantities in Eq. (4) for an isentropic, ex-
ternal flow, thereby ignoring total pressure losses across the
shock waves. The predicted increase in the heat-transfer
coeflicient is

hy _ 0.165 (0.373

3/4

Additional results obtained at other impingement locations
where the interactions were not as strong and in a curved
compression corner are shown in Fig. 2. These results en-
compass more than a two-fold change in Reynolds number
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Fig. 3 Isentropic flow variables (v = 1.4).
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going from stagnation pressures of 100 to 200 psia and lower
Mach numbers, and also include data with thicker boundary
layers upstream of the interactions.

To calculate the distribution of the heat-transfer coeffi-
cient, the energy Eq. (1) can be integrated along the wall,
since the heat flux is related to the energy thickness by Eqs.
(2) and (3), to obtain the energy thickness distribution once
the freestream flow variables and wall temperature are speci-
fied (see Ref. 3 for such a calculation upstream, within and
downstream of some of the interactions presented herein).

Attention is now focused on the interpretation of the pre-
diction when it is applied to other experimental data at shock
impingement locations where there appears to be similarity
between the measured heat-transfer and pressure changes.
For example, Sayano! has given the empirical relation (h2/%1)
= (pz/p1)?8 from his results and, more recently Markarian,
in reviewing some measurements, suggested a slightly stronger
empirical power law dependence with the exponent 0.85. It
is useful here to recast Eq. (4) in terms of a pressure change.
For isentropic flow, the variation of the mass flux and group
from Eq. (4) with pressure ratio is shown in Fig. 3 in non-
dimensional form. Although over the large Mach number
range shown (1-10) there is no particular power law fit, the
values agree reasonably well in the supersonic range from
about 2-6 with the dashed curve shown. This correspon-
dence implies the following relationship between the change
in heat-transfer coeflicient and pressure from Eq. (4):

/by = (po/ 1) ()

The prediction from Eq. (5) is compared with experimental
measurements in Fig. 2. The agreement is satisfactory, even
in the hypersonic flow regime where the prediction might not
be expected to agree as well by inference from Fig. 3. This
may be partly due to the smaller increase in the group
(petie)/ (pte)1[(Te/ Te) 13* across shock waves than the cor-
responding isentropic flow values when the shock waves are
stronger, i.e., Ap/p = yMa. For example, for isentropic
flow in the hypersonic limit M. — «, [(pu/pea™®)][(T/To) 13/
al(p/p)] where n = 1/v + (H(y — 1/v) = 0.93 for v =
1.4. Also, it could be associated with the correction for com-
pressibility effects as contained in Eq. (2) that partially led to
the T%* dependence in Eq. (4). This correction may be too
large in hypersonic flows, e.g., in Eq. (2) as M, — o, (T./Tow)
— 0.

For compression corners, Markarian® has shown some re-
sults of other investigations in the representation of Fig. 2.
Although there is some uncertainty in the structure of the
boundary layer just upstream of the corner for some of the
data, 1.e., transitional or just turbulent in these external flows,
and in the resolution of the peak heat transfer downstream,
the results do appear to agree with the indication of Eq. (5),
as also do the present results obtained with a curved compres-
sion corner (Fig. 2).
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Turbulent Boundary-Layer
Computations Based on an

Extended Mixing Length Approach

Y. Y. Caax*
National Aeronautical Establishment, Ottawa, Canada

N the recent development of computational methods for
turbulent boundary layerst? Prandtl’s mixing length
coneept is again widely used to correlate the turbulent shear
stress to the local mean flow of the boundary layer. In the
methods of Patankar and Spalding,® Beckwith and Bush-
nell,* and Pletcher® the mixing length is correlated to the local
thickness of the boundary layer and the correlation function
for flow passed a flat plate is usually assumed for general uses.
The drawback of these methods is in that the flat plate correla-
tion represents a reasonable approximation only for flows
with moderate pressure gradients,® but is not necessarily
true for flows with large pressure gradients, especially for
adverse pressure gradients. By directly relating the mixing
length to the mean flow, these mean-field methods do not
consider the development of the turbulent field explicitly
and thus are not very successful in predicting highly non-
equilibrium flows. In the method of MeDonald and Cama-
rata,” these shortcomings are overcome. The mixing length
is no longer correlated directly to the mean-flow field of the
boundary layer, but is calculated by the integral turbulent
kinetic energy equation, thus the history of the turbulent
state is considered explicitly and the mixing length correla-
tion is allowed to vary as the turbulent boundary layer de-
velops. This method is similar to the approach of Bradshaw
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